Review of Fundamental Equations
Supplementary notes on Section 1.2 and 1.3

e Introduction of the velocity potential:
irrotational motion: w =V xu =10
identity in the vector analysis: V x V¢ =0

— u=V¢

e Basic conservation principles:
(1) Conservation of mass
— Continuity equation V-u =0
(2) Conservation of momentum

s, 1
— Euler’s equation (for inviscid fluid) a—’? +u-Vu= —;Vp +K (K =gk)

For ideal fluid
From (1) : Laplace’s equation V -V¢ = V3¢ =0

1
From (2) : Bernoulli’s equation —;(p Do) = Zf + = qu Vo —gz

because of a relation

u~Vu:%V(u-u)—u><(qu):%V(u-u)

Euler’s equation becomes V % +=-V¢-Vo¢ + ——gz| =0
P

Annex
The other identity in the vector analysis: V- (V x A) =
From the continuity equation V-u =0

— u=VxA (A : defined as the vector potential)

For 2-D flows u = (u,v,0) and thus
the vector potential must be A = (0,0,%)
09 _oy

u = — v =

Ay’ Oz

which is known as the stream function for 2-D flows.

Boundary Conditions

(1) Kinematic condition

Fluid particles on a wetted boundary surface, described by F'(z,y, z,t) = 0, always follow the movement
of the boundary surface. Namely, even after a short time interval, the fluid particles remain on the
boundary surface. Thus we can write as F(x + uAt,y + vAt, z + wAt, t + At) = 0. Then considering
subtraction of these two and applying a Taylor-series expansion with respect to At, we may have the
following result:

F(z 4+ udt, y +vAt, z +wAt, t + At) — F(z,y, 2,1)

oF oF oF oF
:uAtaJr At8—+ At8—+At§+O[( t)’] =0 (1)



Then dividing the above by At and taking the limit of A — 0, we have the following result:
87F+ aj+ 8F+ aiFfE (2)
ot "oz Yoy "oz T Dt

With the definition of the velocity potential u = (u, v, w) = V¢, this result can be written as

DF  OF
F= F=
D= o +V¢-V 0 on 0 (3)
Dividing both sides with |VF| and noting the definition of the normal vector n = VF/|VF|, we may
have
D¢ 1 OF

v¢.n:%:_ma(zvn) (4)

(2) Free-surface condition

Provided that the elevation of free surface is expressed as z = ((z,y,t), the kinematic boundary

condition is given as follows:

F(JZ,yVZ,t):Z*C(.T,y,t):O (5)

DF o¢ 0¢p0C 0pOC & 0¢

— e - - == — =0 = t 6

Dt ot Oz dx Oyidy + 0z on 2 =((@,y,1) (6)
Here we note that both ¢ and ¢ are unknown. Thus we need one more boundary condition on the free
surface; that is, the dynamic boundary condition which states that the pressure on the free surface is

equal to the atmospheric pressure:

(0= pa) = G + 5V Vo g0 =0 onz = (o) (7

Linearization

Assuming that both ¢ and ¢ are of small quantities and retaining only the first-order terms in ¢ and

¢, we may have the followings:

o¢ 09
fa+5+mwwn (8)
19¢ 2
(=5 T06") = (9)

Eliminating ¢ from (6) and (7), it follows that

0? 0
8775?7 87¢+O(¢2,§¢):0 on z = ((x,y,t) (10)

Furthermore applying the Taylor-series expansion around the undisturbed free surface (z = 0):

0
z=0

and neglecting higher-order terms resulting from this Taylor expansion, the final result takes the following

form: 5 96
ﬁ—gazo onz=0 (12)



Theory of Ship Waves (Wave-Body Interaction Theory)

Supplementary notes on Section 1.5

Plane Progressive Waves

The free-surface elevation:

100

Ci;at o

= Acos(wt — kz) = Re [Aefi’” et ] (1)

The phase function wt — kx, which represents a wave propagating in the positive z-axis, because
f(wt — kx) satisfies

of of r
a—kc%—(w—ck)f—o )
c=%>0

Here k is the wavenumber, w is the circular (or angular) frequency , and c is the phase velocity.

Dispersion Relation

The general solution to be obtained from Laplace’s equation is assumed to be in a form
d(z,2,t) =Re[ Z(2) e 7 ! (3)
Here it should be noted that Z(z) can be complex. Then a general solution for Z(z) is given by
Z(z) = Cef* 4 De** (4)

where C' and D are unknown to be determined from boundary conditions.

The free-surface and bottom boundary conditions for Z(z) are written as follows:

9%¢ 0¢ dz

w—g520—>—w2Z—gE=O onz=0 (5)
dz
%:0 E:O onz=~h (6)

Substituting (4) into (5) and (6) gives the following:

(7)

C(w? + gk) + D(w? — gk) =0
Ceklh — De Fh =0

We note that both unknowns, C' and D, cannot be determined uniquely only from these equations
(because both equations above are homogeneous ones). However, in order to have non-trivial solutions,

the following relation must hold:
w2+ gk w?—gk

=0 (8)
okh _o—kh
— —e (W 4 gk) — MM (w? —gk) =0
s gk — eTFh) — W2 (M g k) =
W2
— ktanh kh = ” (9)

This is the dispersion relation, implying that the wavenumber (wavelength) and the frequency (period)

are mutually dependent parameters.



It should be noted that we can eliminate just one unknown from (7) and the resultant equation can

be written in the form
~ coshk(z — h)

Z =
() cosh kh
Mathematically speaking, (9) is the eigen-value equation (the equation for eigen values) and (10) is the

C = 2C e cosh kh (10)

associated eigen solution or homogeneous solution.
In order to determine the remaining unknown coefficient in (10), we must specify the free-surface

elevation given by (1). From (3) and (10), we have

coshk(z —h) _iw iw
b(x, 2,1) [ cosh kh )6 e t} (11)
W= ik iw
¢ = fa —R[gCeket} (12)
2=0

By comaring the above with (1), we can determine C as follows:

Lo=a — C’:g—A (13)
g Tw

Then the solution can be obtained in the form:

gAcoshk(z —h) iy sun] _ 9A coshk(z —h)

= R =
¢ ¢ iw cosh kh € w cosh kh

sin(wt — kx) (14)

Approximation of tanh kh ~ 1 is valid for kh > 7 with error less than 0.4 %. This means that if

kh = @>ﬂ' — h>% (15)

is satisfied, the dispersion relation can be practically the same as that for deep water.

For the deep-water case, several relations become rather simple as follows:

22 2 27
k=K== 7=""_ /T2~ 08VX (A=156T7) (16)
g A w g

A
o= 92 g—kz sin(wt — kx)
w

A . , -
= Re —gw e~ hemike e“"t] = Re[gp(m, 2) e“*’t] (17)
A :
where @(x,z) _ gw e—kz—zkm (18)

Amplitude Dispersion Relation in Deep Water

According to the textbook, the following expression for the phase velocity is obtained:

c:\/g(wék?/ﬁ) :c(l)<1+%k2A2> (19)

If we require 3 L(kA)? < 0.005, a linear wave may be guaranteed and this requirement gives the following

estimation:

24 H 001 1
kA< VoOI — A_H Vool 1 (20)
XA 77 30

Here H/\ is referred to as the wave steepness.



Theory of Ship Waves (Wave-Body Interaction Theory)

Supplementary notes on Section 1.5.4 and 1.6

Real Part of Eq. (1.65)
We assume that the difference in amplitude is also small, represented as As — A; = § A. Substituting

this into Eq. (1.65), we can transform as follows:

a1+ % eidt=ta) |

_ Al{ 14 ei(&w-tfékm)} +6A ei(&u-t*zik-:c)

_ A12€i%(6w't76k'm)}{ ei%(éw-tfﬁk-x) + e*i%(ﬁw-tfz?k-:v)} +5A ei(&w-tfﬁk-z)
2

1 ) )
= 24, cos {5(5w~t - 5k~x)} ¢i3(0wt=0kw) 4 5 7 idwrt—0k-a) (1)
Therefore, taking the real part of Eq. (1.65), we can obtain the following result:
n= Re Al |:1 + é ei(6w‘t—5k~a;) :| ei(o.nt—ku:)
Ay
1 1 1
= 24 cos {5(6w-t — 5k‘~x)}cos { (wl + §6w)t — (kl + 5(51(1).’17}
+0Acos { (w1 + dw)t — (k1 + 6k)z } (2)

Retaining only the leading term of the above equation gives the following approximation:

n = 2A; cos l&u-t—dk-x cos (wit — ki) + O(dw, 0k, 0A 3
2

':>Cg
27
ok

- ——— ————

Fig.1 The amplitude modulation part is an envelope of fundamental carrier waves, and
its velocity (group velocity) is given by dw/dk.

Calculation of Group Velocity: Eq. (1.69)

The dispersion relation for finite-water depth takes the form

w? = gk tanh kh (4)

The definition of the group velocity is given by

_dw

=5 (5)

Cg

Taking first the logarithm of both sides of (4) and then differentiating with respect to k, we may have
the following
2logw = log gk + log tanh kh



w1 1 h

2 Tk Gk cos? R
— w':d—wzlg{l+¢}
dk 2k cosh kh sinh kh
— cgzlc{l—&—ﬂ}
2 sinh 2kh

Calculation related to Eq. (1.76)
From Eq. (1.58), we can obtain the followings:

_gacoshk(y—h) _,.,
oay) = iw  coshkh

—ikx

99 __%kcoshk(y—h)

oz w cosh kh

coshk(y —h) 1. k w?
=—aw—>=>"2—"e¢ — = —
sinh kh coshkh  gsinhkh
% B %k sinhk(y —h) _ipe Ciaw sinhk(y —h) _jps
oy iw cosh kh B sinh kh

Therefore it follows that

i ‘ad) T (ORI ) b Ry R) (0 cosh 2Ky — B)
Iz dy| sinh? kh B sinh? kh
/h cosh2h(y —h) , _ [hwy—h) } "
o smbkh 0 | 2ksmbkh
sinh 2kh cosh kh g 1 g

Shsnh®kh  ksinhkh  w?  ktanhkh  w?

Summarizing these results, we can obtain the following result:
1 /h Ao
g 0 oz

Calculation related to Eq. (1.78)
From Eq. (7) and Eq. (8), we have

99
dy

L,

2
1 2 9
}dy = yPlaw)” =5 = 1 pga

2
+] :

. 0¢* o k cosh® k(y — h) ok 1 1+cosh2k(y—h)
1w =—(9a)"— ————— = —(9a)"—
¢ oz (92) w  cosh?kh (92) w cosh? kh 2
h . h .
1+ cosh2k(y — h) 1 sinh 2k(y — h) 1 sinh 2kh
d - = —_— = - h _—
/O 2 Y=oVt 2%k s 2\ T
__ sinh 2kh 2kh __ sinh kh cosh kh 2kh
4k sinh2kh | 2k sinh 2kh

Therefore, with the dispersion relation tanh kh = w?/gk, we have the following result:

1 h do* 1 1 sinh kh 2kh
- ; dy = —= 2 =
2,0Re/0 (iwg) oz Y 4p(ga) w cosh kh { * sinh 2kh }

771(@23&2 Ly 2k O\ 1 wf o 2kh
T TPY Lk sinh2kh [~ 4P % sinh 2kh

|

|

(12)

(15)



Theory of Ship Waves (Wave-Body Interaction Theory)

Supplementary notes on Section 2.1

Meaning of Eq. (2.2)
Let us consider the total amount of flux @ across the boundary C of the fluid (in the 2D problem)

denoted as S.
Q:/Cgiaw:/Cn-Vqué://SV~V¢dS://SV2¢dS

If there is no singularity (like source), @ = 0 due to the conservation of mass. However, if there is a

source within S, the flux @ must be not zero but equal to the amount coming from the point of source;

which is assumed to be unit in the present case. Thus when the source is located at (z,y) = (0,7),

Q://SV2¢dS:1 — V20 =46(z)(y — 1)

Because, by the definition of the delta function, it follows that

+e n+e

O(x)dx =1, / d(y—mn)dy =1

—€ —€



Solution Methods for 2-D Laplace Equation

1. Solution in the Cartesian Coordinate System

The z-axis is taken in the horizontal direction and the positive y-axis is taken vertically downward,

with the origin on the undisturbed free surface.
v2@:7+—:0 (17)

Let us apply the method of separation of variables; that is, the solution is assumed to be given in a form

of ® = X(x)Y (y). Substituting this into (17), we have

X'Y+XY"=0 (18)
Therefore X Y
7:—75—k20r + k2 (19)
X"+k2X =0
20
Y'"FE2Y =0 (20)

Constant k is arbitrary, not necessarily integer. If we require that the solution must be finite at infinity

(y = oo or |z| = 00), fundamental solutions of (20) are given as
—k* — e*ky{ Acoskx + Bsinkx } (21)
+k* — e*km{Acosky—l-Bsinky} (22)

Here A and B are constants, possibly functions of parameter k, and thus a general solution may be

written in the form

2@ :/ e"“y{A(k:) cos kz + B(k) sinkx}dkz (23)
0

2 @:/O e L A(k) cos ky + B(k) sin ky } dk (24)

2. Solution in the Polar Coordinate System

10 0P 1 9%
V%:rm(%%> a6z =0 (25)

Applying the method of separation of variables, the solution can be assumed to be of the form ¢ =

R(r)©(0). Substituting this into (25), we have the following:

d dR\ 1 61 9
() e (26)
Therefore
d dR 2p
d?e 9
W +n =0 (28)

Here we should note that the parameter n introduced in (26) must be integer, because fundamental
solutions with respect to 6 to be given by (28) must be periodic (the values for § = 0 and 6 = 27 must

be the same). This situation is different from the case considered in the Cartesian coordinate system.



The elementary solutions for (27) and (28) are given by
R={r", r}, © = { cosnf, sinnb } (29)

If we require regularity of a solution at infinity (r — o), a general solution can be written as
— 1
@:ZT—H{Ancoan—l—aninn@} (30)
n=1

For the case of n = 0, the solution will be independent of #. (The possibility of @ = 6 which may be

obtained from (28) should be excluded from the condition of periodicity.) In this case,

Td<rdR)()*>r(flRC—)ROIOgT (31)
T

Thus we have the following equation as a general solution:

43:C’logr+i%{Ancosn0+aninn0} (32)

n=1

3. Relations of Solutions

There must be some relations between (23) and (32), because both are solutions for the same 2-D

Laplace equation. In order to see those relations, let us consider the following integral:
oo
I = / kot e‘ky( cos kx + ¢sin k:c) dk
0

:/ kn—l e—ky-‘rikm dk :/ kn—l e—k(y—iw) dk (33)
0 0

Introducing the relations y = r cos 6, x = rsin #, we can perform the integral with respect to k as follows:

oo 10 o0
I = / knfl efkrexp(fie) dk = 67(?7/ _ 1)/ kn72 efkrrexp(fw) dk
0 r 0

_ (M)nl (n— 1)!/000 ¢k exp(=i0) g _ <€9>n (n—1)! (34)

r r

Therefore, separating the real and imaginary parts, we have

° 0
/ ke ™ coskx dk = (n —1)! co:nn
; (35)
/ ke M sinka dk = (n — 1)! sm2n
0 r
As the next, we will consider the following integral as the case of n =0
— ~ l —ky
J= e " coskx dk (36)
k
0

Then, differentiating with respect to y, we have

aJ _
dy

Y

—/ e*kycoskxdk:—f
0 2?2 492

Yo

= —%log(x2 +9?) + C(x) = —logr + C



Namely <1
/ e Ycoskxdk = —logr+C (37)
0

Equations (35) and (37) are desired relations between the solutions in the Cartesian and polar coordinate

systems.

4. Application of Fourier Transform

One-dimensional Fourier transform is defined in the form:

(k) = / f(y) e ™ da

. | (39)
faw) =5 [ £yt
™ — 00
Similarly two-dimensional Fourier transform can be expressed as
e = [ swe e dady
- (39)

1 o _
fa) = oz [0 ava
Note the following relations in the Fourier transform:
0 .
/ S(z)e *dr =1 (40)

/OO %(Z) R {f(x) o~ ik } OOOO + Zk/—z f(x) e ™ do = ik f* (k) (41)

— 00
Let us consider a fundamental solution, corresponding to a hydrodynamic source with unit strength

situated at (z,y) = (0,7), which satisfies
V2 = 6(z)d(y —n) (42)
Applying the Fourier transform with respect to x to (42) and noting (40) and (41), we have

d2¢*
dy?

— k2" =d(y —n) (43)
A general solution of (43), valid except at y = 7, is given as
& (k,y) = Aelty 1 B eIy (44)

Unknown coefficients, A and B, must be determined from boundary conditions and by taking account of
the singularity at y = 7. First, to avoid the singularity at y = n for a moment, we divide the region into
the lower (denoted as Region 1) and upper (Region 2) parts, separated at point y = 7. Since the region
is considered unbounded (no outer boundaries), the solution must be zero at both infinities (y — +00).

Thus the solutions in the lower (written as ¢7) and upper (¢3) regions are given as
o7 =Ael, g5 = Be Ikl (45)

(Here the positive y-axis is taken vertically upward.)
To take account of the singularity at y = 7, let us integrate (42) over a small region crossing y = 7;
ie. n—e <y <n+e (where € is assumed to very small). The result takes a form

dd)* n+e n+e n+e
{d ] —k2/ ¢*dy:/ oy —n)dy =1 (46)
Y n—e n—e n—e




This relation can be satisfied, provided that
d¢; dor

dy dy

5 = ¢71, aty =1 (47)

Substituting (45) in (47) gives the followings:

Belkln — Aelkln —
(48)
—|I<:|(Be_|k‘" 4 Ae\kln) =1
From these we can determine A and B as follows:
1 1
A=—_— ¢ lkin  p—_ _—  lkn 49
o0 205 € )
Substituting these into (45) gives the desired solution in the form
1 A (y—
¢r = ——— M= fory —n <0
2|k|
L iki-n (50)
gbg:—me = fory—n>0
These two can be written as a unified form
. L ikly—n|
¢ (kyy) = — e MY (51)

2[k|
As the next step for obtaining the solution in the physical domain, the inverse Fourier transform must

be considered, which becomes

b(any) = /oo b et L gike g - L [T L kiy—nirike g,
’ 27 J_o 2|k| dr J_ o |k
L L el coskadi = — - Re /Oo = eth@rily=nD) g, (52)

In relation to this integral, let us consider the following integral:

F(r)= / — ek gk (53)
o k
This integral can be evaluated as follows:
dF . 1 . > 1
721/ eikrdk:|:€1kr:| _ _ =
dr 0 r 0 r

— F(r)=—logr+C (54)
Therefore we can recast the result of (52) in the form

1 1
= - — ) — = —_— = 2 — 2
P(x,y) 5 Re{ log (z + ily — nl) ] sologr, =22+ (y—n) (55)

The procedure explained above looks complicated, but it will be useful in understanding derivation of
the free-surface Green function.

To see another method using the Fourier transform, let us apply the two-dimensional Fourier transform
to the following Laplace equation:

V2 = d(2)d(y) (56)
With relations of (40) and (41), it follows that

1

—(K+ ) =1 —  ¢**(k,0) -~ E

(57)



Thus the inverse Fourier transform provides the following expression:

1 > 1 ikx4il
P(z,y) = — L //_m e dkdl (58)

Let us first perform the integral with respect to £:

0 ei@y

Since there are singular points at ¢ = +i|k|, a contour integral taken in the upper half complex plane (for

the case of y > 0) gives the following result:

—lkly
e T
I(k) =2mi———=—e *V fory >0 60
(k) = 2mi s = e fory (60)
Substituting this in (58), we have the result:
1 [ 1 [>~1

— e Ikllyl+ike gp. — _

il Z o klul 1
o7 /. . € cos kx dk (61)

This is the same as (52) and thus the final expression will be the same as (55), as expected.
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Supplementary notes on Sections 3.1 and 3.2

M/ﬂl‘ﬁ/—llﬂ/[[ Incident wave
- — -
a{l+iH,}e' ) iaH, e ik aee

Diffraction Problem
€3
- LN _—
V4 —T & AV
= v = 7

_,L'KXiHj—ez‘Kx \ 52 —’LKX H+ —iKz

Radiation Problem

Fig.1 Schematic illustration for the diffraction and radiation problems.

Decomposition of the velocity potential

- oo ) 3
o(x) i o(x) + pa(x Z iwX;pj(x
wo(x) = e BYTE= . which is given as input

Body boundary condition

9¢ .
o j§:1 iwX;n; (n3 =axng —yny )
— o(potea) =0, Z==n; (j=1,2,3)

Body-disturbance waves

3
Gla) = 2 9(2.0) = af po(@.0) 4 a(2.0) = K'Y 2 5(2,0)}

Jj=1
@j(x,y)wz’Hji(K)e*Kyj“Kx asx — oo (j=1~4)

Radiation wave: (" = —iKX;H; (K) (= X;A;¢"*
Scattered wave:  (F = iaHF (K)

3
X .
¢(x) :a[iHZ'(K) —iK E JH;'(K)} e~ K= (propagating to positive)
L g

3
X, ,
+a{1 +iH, (K) — iKZ #HJ_ (K)} e BT (propagating to negative)

(10)



Case (1)

Re[CRei(wt—kr)]

Transmission wave r_\_\‘ Reflection wave Incident wave
D —_— -
A\ 0 N\ -
~ < ~ N4 o
(Wit »
Re[CTez(w+ x)] ' Re[aez(wtw%x)]
Y
Fig.2 Case of incident wave incoming from the positive z-axis
X
—iKx __ ST+ - J + —iKzx
Cre —a{zH4(K)—zK27Hj (K)}e
j=1
¢ X,
— Cr= =2 =il (K)—iKY “LH(K)
a N—— - a
=R J=t
R=iH](K)
. 3. X, .
CretiKe = a{ L+ iH (K) =ik Y =L Hy (K) } etiKe
j=1
¢ 3
_¢r ‘ J pr—
— Cr=>==1+4iH; (K)—iK — H (K
r= L= 1+ il () ~iK Y S (K)
=T J=1
T=1+iH, (K)
Case (2)
i(wt+kx
Re[(e ( )]
Incident wave Reflection wave Transmission wave
—_— - e
LN\ [ © LN\ -

Re[ae’ Re[( eilwt=k)]

i(wt —kx) ]
n
/

Fig.3 Case of incident wave incoming from the negative z-axis

Cr

a N—_——

3
- . Xy
= ih, (K)—zKE #Hj (K)
=R =1

R = ihg (K)

3
X
Cr = oy +ihj (K)—iK Y —L Hf(K)
a ———— = a
=T

T =1+ih](K)

(17)

(18)

(19)

(20)



Hydrodynamic Relations Derived with Green’s Theorem
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Fig. 3.4 Application of Green’s theorem
o 9 1 Y T
ool ) dr= | (650 — il 1)
Si on on 2K oz oz y=0) z=— oo
Tablel Summary of Some Important Hydrodynamic Relations
¢ P Relations to be obtained
1 ©i o Aij = Aji, Bij = Bj; : Symmetry relations in the radiation forces
2 Vi P; B;; = %pw{ Hfﬁj_ +H; H; } Energy conservation in the radiation problem
3 éD bp |[R|?+|T|>=1 Energy conservation in the diffraction problem
4 035} ©; E; = pga H;‘ Haskind-Hanaoka-Newman’s relation
_ -+ 75—
5 ép ?; Ej=pga{H; R+ H,; T}
Relations in 4 and 5 gives H) = ﬁ;_RJrﬁj_T, (R=iHf, T=1+4H] )
For a symmetry body Hf =ie®H cosey F €°Ssineg
Hi = H{ £, (£ is real quantity; the phase is the same)
Furthermore Bis = Bs1 = ¢, Bi1
Bsz = (2 B;;  (Bessho’s relation)
6 ¢D YD hf=H;
Transmission wave (both amplitude & phase) past an asymmetric body is the same
irrespective of the direction of incident wave (Bessho’s relation)
— _  —+1+4+diH,
T |9 vp | hy = H ——%
1—iH,
The amplitude of reflection wave by an asymmetric body is also the same irrespective
of the direction of incident wave (Bessho’s relation)
Relations of 3 and 7 for a symmetric body gives |R+T|=1:
Wave energy equally splitting law

In the above, ¢p = o + 4 and ¢ denotes the complex conugate of ¢




